The Kalman-Yakubovich-Popov Lemma has been a cornerstone in System theory and Network Analysis and Synthesis. It relates an analytic property of a square transfer matrix in the frequency domain to a set of algebraic equations involving parameters of a minimal realization in time domain. This note proves that the KYP lemma is also valid for realizations which are stabilizable and observable.
1 Introduction.
Given a square transfer matrix Z(s), the KalmanYakubovich-Popov Lemma relates an analytic property of a square transfer matrix in the frequency domain to a set of algebraic equations involving parameters of a minimal realization in time domain. See the original references [8] , [19] and [14] . Further important developments were given in [4], [13] . The lemma was generalized to the multivariable case in [2] . Extensions and clarifications appeared on [6] , [17] and [ll] . Clear presentations and relationships with other related results appeared in [18] and [9] . A novel proof based on convexity properties and linear algebra appeared recently in [15] . Based on this classical result, the following question with respect to minimality arises: Is the KYP ' This work was elaborated while first author was in a sabbatical year a t HEUDIASYC Laboratory at Compiegne, France. He was partially supported by Conacyt. [7] . In the recent survey paper [5] the authors stated that KYP lemma is valid for stabilizable realizations. However they did not provide details of the proof. The objective of this note is to clarify and establish that the KYP lemma holds also for stabilizable and observable realizations. Z(s) is said to be S P R if Z(S-E) is P R for some E > 0.
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The following lemma give us a general procedure to generate uncontrollable equivalent realizations from two minimal realizations of a given transfer matrix Z(s). The uncontrollable modes should be similar and the augmented matrices should be related by a change of coordinates as explained next. 
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Remark 2
The assumption that the intersection of the set of controllable modes with the set of uncontrollable modes is empty, is used only in the necessary part of the proof given below.
Proof:
Suficiency: 
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Now a nonminimal realization of V T ( -s ) V ( s ) based on
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is (see the preliminaries)
From the diagonal structure of the above realization, it could be concluded that the eigenvalues of FO correspond to uncontrollable modes and the eigenvalues of ( -F T ) correspond to a unobservable modes. A constructive proof is given below. are identical. Therefore, in view of the block diagonal structure of the system and considering only the stable part we have:
The above relationships imposes that the uncontrollable parts of the realizations of U ( s ) and V ( s ) should be similar. This is why we imposed that FO is similar to
Aor in the construction of the nonminimal realization of V ( s ) .
From the Lyapunov equation (6) and using = RX~R-' in (7), we get where we have used the definitions P := RTER; L := H R . Introducing (3) we get the first equation of (2) .
From the second equation of (7) we have E = RB.
From the third equation in (7) and using W = J we get -which is the second equation of (2).
Finally from the last equation of (7), we get the last equation of (2) because W = J . 
Conclusions.
We have removed the minimality assumption in the Kalman-Yakubovich-Popov lemma, and proved that the lemma is still valid for stabilizable and observable realizations provided that the set of controllable modes and the set of uncontrollable modes do not intersect. Some examples illustrate the result.
